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Abstract

In this paper a novel framework for three-dimensional surface reconstruction by
self-consistent fusion of shading and shadow features is presented. Based on the
analysis of at least two pixel-synchronous imagesof the sceneunder di�eren t illu-
mination conditions, this framework combines a shape from shading approach for
estimating surfacegradients and altitude variations on small scaleswith a shadow
analysis method that allows for the determination of the large-scaleproperties of
the surface. As a �rst step, the result of shadow analysis is used for selecting a
consistent solution of the shape from shading reconstruction algorithm. As a sec-
ond step, an additional error term derived from the �ne-structure of the shadow is
incorporated into the reconstruction algorithm. This approach is extended to the
analysis of two or more shadows under di�eren t illumination conditions leading to
an appropriate initialization of the shape from shading algorithm. The framework
is applied to the astrogeologicaltask of three-dimensionalreconstruction of regions
on the lunar surface using ground-basedCCD images and to the machine vision
task of industrial quality inspection.

Key words: shape from shading, photoclinometry, shadow analysis, surface
reconstruction, lunar surface,quality inspection

1 In tro duction

Three-dimensionalreconstructionof surfacescaneither beperformedby active
or by passive methods. In the domain of astrogeology, active methods mainly
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involve radar or laser altimetry. For example, the three-dimensionalsurface
pro�le of Venus has been explored by radar measurements of the Pioneer
Venus Orbiter [1], the lunar surfacehasbeenglobally mapped at a resolution
of 0:25 degreesin longitude and latitude, i. e. better than 7:5 km, by laser
altimetry from the Clementine spaceprobe [2,3], and the surfaceof Mars was
mapped almost entirely at a resolution of 230m by the MOLA (Mars Orbiter
LaserAltimetre) instrument on the Mars Global Surveyor Orbiter spacecraft
[4]. It is, however, impossibleto reveal by meansof active sensingmethods
small-scalestructures that can easilybe resolved from the sameobservingpo-
sition by traditional two-dimensionalimaging methods.
In the domain of computer vision, active techniques for example include re-
construction basedon structured light, requiring a preciselycalibrated light
source[5], or laser-baseddepth imagery that yields a distancevalue for each
pixel of an intensity image taken by a standard CCD sensor.The accuracy
of such methods dependson the surfacematerial, and especially depth image
camerasare expensive and tend to producerather noisy data.
The probably best known passive method for three-dimensionalscenerecon-
struction is stereovision (for surveys,see[6,7]). State-of-the-art stereovision
algorithms estimate the disparity of scenefeaturesin the imagesat subpixel
accuracy;their performanceis mainly limited by the resolution of the image
sensor.For the type of surfaceswhich will be regardedthroughout this paper,
however, which display altitude di�erences that are small comparedto the
distancebetween the object and the imaging device, the depth resolution of
stereovision is often not very high. As an example,a three-dimensionalrecon-
struction of parts of the lunar surfacehasbeenperformedbasedon correlation-
basedstereoanalysisof image pairs acquired by the Apollo and Clementine
spacecraftsfrom the orbit around the Moon [8]. As large correlation masks
have to be usedto overcomeambiguities of the correspondenceproblem, the
resolution of the obtained surface pro�les is not better than 1 km on the
ground, and the accuracyof the measuredaltitude is of the order of 100m {
we will seelater on that under favourablecircumstances,this level of accuracy
is alreadyobtainablebasedon ground-basedlunar imageswith the framework
proposedin this paper.
Another well-known passivesurfacereconstructionmethod is shapefrom shad-
ing. This approach aimsat deriving the orientation of the surfaceat each pixel
by using a model of the re
ectance properties of the surfaceand knowledge
about the illumination conditions.Traditional applicationsof this techniquein
planetary science,mostly referredto asphotoclinometry, haveusedline-based,
integrative methods designedto reveal a set of pro�les along one-dimensional
lines rather than a three-dimensionalreconstruction of the completesurface.
In contrast to this approach, techniquesbasedon the minimization of a global
error function havebeendevelopedin the �eld of computervision { for detailed
surveyson the shape from shadingmethodology see[6,9{11]. All shape from
shading techniques,however, have in commonthat though they yield rather
accurate estimates of small-scalealtitude variations, the determined large-
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scalebehaviour of the surface is easily subject to systematic errors due to
imperfectionsin the imaging systemor inappropriate modelling of re
ectance
properties. Furthermore, in many scenariosthe shape from shading problem
is ill-p osed,i. e. there exists an in�nite number of surfacepro�les that gener-
ate the observed imageintensitiesunder the given illumination conditions.To
increasethe quality of the reconstruction result, a combination of shape from
shadingwith stereovision hasbeenproposedin [12{14]. More recent work on
shape from shadingdealswith the reconstructionof planetary surfacesbased
on multiple imagesacquired from di�erent preciselyknown positions at dif-
ferent illumination conditions, thoroughly modelling the re
ectance function
and reconstructing the surfacedirectly in object space[15,16].
Recent techniques for three-dimensionalsurfacereconstruction by the anal-
ysis of shadows (shape from shadow) also incorporating shading information
(cf. e. g. [17] and referencestherein) require a high number of imagesof the
sceneacquiredunder a largevariety of illumination conditions. In [18] shadow
information is used in the context of photometric stereowith multiple light
sourcesto recover locally unique surfacenormals from two image intensities
and a zero intensity causedby shadow. This approach incorporates shadow
information qualitativ ely rather than quantitativ ely in order to remove the
ambiguity of the photometric stereosolution resulting from the missinginten-
sity information.
In this paper a novel framework for three-dimensionalsurfacereconstruction
by self-consistent fusionof shadingandshadow featuresbasedona sparsesetof
imagesis presented. Relying on the analysisof at least two pixel-synchronous
greyscaleimagesof the sceneacquiredunder di�erent illumination conditions,
this framework combines a shadow analysis of the �rst image of the scene,
allowing for a determination of large-scalealtitude di�erences on the surface
at high accuracy, with a variational shape from shading scheme applied to
the secondimage (and eventually to further images),estimating the surface
gradients and altitude pro�le. In a �rst step, the result of shadow analysisis
usedfor selectinga solution of the ill-p osedshape from shadingproblemwhich
is consistent with the averagealtitude di�erence derived by shadow analysis.
In a secondstep, the detailed shadow structure is taken into account. For
this purpose,an error term that aims at adjusting the altitude di�erences ex-
tracted from the reconstructedsurfacepro�le to those derived from shadow
analysisis incorporated into the error function to be minimized by the varia-
tional shape from shadingscheme.This technique is extendedto the analysis
of two or more shadows under di�erent illumination conditions leading to an
appropriate initialization of the shape from shadingscheme.Unlike traditional
shape from shading algorithms, this approach is also suitable for surfacere-
construction under coplanar light sources.We will apply this framework to
an astrogeologicaltask, the three-dimensionalreconstructionof regionson the
lunar surfacerelying on ground-basedCCD images,and to the machine vision
task of industrial quality inspection.
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2 Self-consisten t fusion of shading and shadow features

2.1 Shape from shading:an overview

In this sectionwewill givean overviewabout the principle of three-dimensional
surfacereconstructionby shape from shadingor photoclinometry methods, es-
sentially following the descriptions in [6,9{11,19].Shape from shading tech-
niques rely on the relation between image intensity and surfaceorientation,
taking into account the geometriccon�guration of camera,light source,and
the object itself. In [19] this relation is described as

I (u; v) = �I i (x; y; z)� (~n(x; y; z);~s(x; y; z);~v(x; y; z)) ; (1)

whereI (u; v) is the pixel intensity at imageposition (u; v) and � is a camera-
speci�c constant. The function I i (x; y; z) denotesthe incoming light inten-
sity at a point with coordinates (x; y; z), �( x; y; z) stands for the re
ectance
function and dependson the vectors~n(x; y; z), ~s(x; y; z), and ~v(x; y; z) which
denote the local surface normal, the direction of the light source,and the
vector betweenthe surfacenormal and the camera,respectively (Fig. 1a). In
the following, the distance between the object and the light sourceand the
distance between the object and the camerawill be assumedto be in�nite,
which implies I i (x; y; z), ~s(x; y; z), and ~v(x; y; z) to be constant for all scene
points (x; y; z). This leadsto a simpli�ed form of the imageintensity:

I (u; v) = �I i �( ~n(x; y; z);~s;~v): (2)

A well-known exampleof the re
ectance function � is the ideal Lambert re-

ectance

�( ~n;~s;~v) = � cos� i (3)

describinga perfectly di�use re
ection, where � i is the anglebetweensurface
normal ~n and direction ~s of incident light, and � is a surface-speci�c value. A
physically motivated detailed theory of the re
ectance propertiesespecially of
planetary surfaces,the Hapkemodel, is described in [20]. It is, however, not
straightforward to make use of this model for the purposeof surfacerecon-
struction. For this reason,it is shown in [21] that for a wide rangeof physically
reasonableHapke parametersthe re
ectance behaviour of planetary surfaces
can be described by the Lunar-Lambert re
ectance function

�( ~n;~s;~v) = �

"

2L(� )
cos� i

cos� i + cos� e
+ (1 � L(� )) cos� i

#

(4)
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depending also on the emissionangle � e between ~n and ~v, with L(� ) as a
function dependingon the phaseangle� between~s and ~v. The function L(� )
can either be determinedempirically, or it can be derived from a given set of
Hapke parameters[21]. It may, however, be non-uniform over the surfacedue
to changing type of terrain.
In the following, we will represent the surfacenormal ~n by the directional
derivatives p and q of the surfacefunction z(x; y) with p = @z=@x and q =
@z=@y:

~n = (� p; � q; 1): (5)

After replacing the continuous two-dimensionalcoordinates x and y in the
image plane by the discrete (integer) pixel coordinates u and v, Eq. (2) can
be rewritten as

I (u; v) = R(p(u; v); q(u; v)) (6)

in the so-calledgradient space (p;q). The function R(p;q) is called re
ectance
map. The direction ~s of illumination is now given in gradient spaceby ~s =
(� ps; � qs; 1). We then obtain for ideal Lambertian re
ection:

I (u; v) = � (u; v)
1 + psp(u; v) + qsq(u; v)

q
1 + p2

s + q2
s

q
1 + p2(u; v) + q2(u; v)

; (7)

where � = �I i � is called the albedo of the surface.Eq. (7) illustrates that
three-dimensionalsurfacereconstruction basedon a single monocular image
with no constraints is an ill-p osedproblem: For a given image I (u; v) there
existsan in�nite number of solutionsfor the unknown valuesof p(u; v), q(u; v),
and � (u; v). We will alleviate this ambiguity by introducing a regularization
constraint on the shape of the surface.
In [9,10]a largevariety of techniquesto solve the surfacereconstructionprob-
lem is described,which canberoughly divided into local andglobalapproaches
that may consist either of computing the slopes p(u; v) and q(u; v) of each
surfaceelement �rst and then reconstructing the surfacepro�le z(u; v) by in-
tegration, or of directly reconstructingz(u; v).
In this paper we will make useof surfacereconstruction techniquesdescribed
in [6,10,11]which are basedon the global optimization of an energyfunction.
This method involves searching for two functions p(u; v) and q(u; v) which
imply a surfacethat generatesthe observed imageintensity I (u; v). This con-
straint can be expressedby the minimization of an intensity error term ei

with

ei =
X

u;v
[I (u; v) � R (p(u; v); q(u; v))]2 : (8)
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Di�eren t expressionsfor ei will be introduced later on (cf. Section2.5), once
two or morelight sourcesareused.In this section,however, wewill concentrate
on the singlelight sourcescenario.As the correspondingly de�ned reconstruc-
tion problem is ill-p osed,we furthermore introducea regularization constraint
es which requires local continuity of the surface.Such a smooth surfaceim-
plies that the absolute values of the derivatives px = @p=@x, py = @p=@y,
qx = @q=@x, and qy = @q=@y are small, which results in an error term es with

es =
X

u;v

h
p2

x + p2
y + q2

x + q2
y

i
: (9)

This leadsto a minimization of the overall error

e = es + �e i =
X

u;v

h
p2

x + p2
y + q2

x + q2
y + � (I � R(p;q))2

i
: (10)

The Lagrangianmultiplier � denotesthe relative weight of the two error terms
ei and es.
With the approximations

px (u; v) = (p(u + 1; v) � p(u � 1; v)) =2
py(u; v) = (p(u; v + 1) � p(u; v � 1)) =2
qx (u; v) = (q(u + 1; v) � q(u � 1; v)) =2
qy(u; v) = (q(u; v + 1) � q(u; v � 1)) =2 (11)

and the averagevalues

�p(u; v) = (p(u + 1; v) + p(u � 1; v) + p(u; v + 1) + p(u; v � 1)) =4
�q(u; v) = (q(u + 1; v) + q(u � 1; v) + q(u; v + 1) + q(u; v � 1)) =4 (12)

we obtain an iterativ e update rule for p(u; v) and q(u; v) by setting the deriva-
tivesof e with respect to p(u; v) and q(u; v) to zero(cf. [6]):

pn+1 (u; v) = �pn (u; v) + � (I (u; v) � R( �pn (u; v); �qn(u; v)))
@R
@p

�
�
�
�
�
�pn (u;v ); �qn (u;v )

qn+1 (u; v) = �qn (u; v) + � (I (u; v) � R( �pn (u; v); �qn(u; v)))
@R
@q

�
�
�
�
�
�pn (u;v ); �qn (u;v )

(13)

The initial values p0(u; v) and q0(u; v) must be provided basedon a-priori
knowledgeabout the surface.The surfacepro�le z(u; v) is then derived from
the slopesp(u; v) and q(u; v) by meansof numerical integration (cf. [6]). The
albedo � (u; v) is assumedto be uniform over the image and updated using
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(6) and (7) in each iteration step basedon a certain number of selectedpix-
els (e. g. all pixels of a certain image column) { hence,iterativ e update rule
(13) not only determinesthe surfacegradients p(u; v) and q(u; v) but alsothe
albedo � by minimization of error function (10). Section2.5 describeshow a
non-uniform albedo� (u; v) is taken into account.
A reconstruction algorithm which aims at generating an integrable surface
gradient vector �eld is described in [11]. It simultaneously yields the surface
gradients p(u; v) and q(u; v) and the altitude pro�le z(u; v). Here,the assump-
tion of a smooth surfaceaccordingto Eq. (9) is replacedby the departure from
integrability error expressedby the error term

eint =

 
@z
@x

� p

! 2

+

 
@z
@y

� q

! 2

: (14)

This leads to an iteration scheme similar to (13). After each update of the
surfacegradients p(u; v) and q(u; v), the corresponding altitude pro�le z(u; v)
is computedby meansof a discreteapproximation to the solution of the Euler-
Lagrangedi�erential equationsof the corresponding variational problem (see
[11] for details). For a single light sourceand oblique illumination, this algo-
rithm givesa good estimateeven of the surfacegradients perpendicular to the
direction of incident light, as it adjusts them to the integrability constraint
without a�ecting the intensity error ei given by (8). According to [11], how-
ever, the algorithm has the drawback that it needsto be initialized with a
surfacepro�le which is already closeto the �nal solution. In Section 2.6 we
will describe how error term (14) hasbeenincorporated into our framework.
In principle, any reconstruction method that explicitly computesthe surface
gradients p(u; v) and q(u; v) can be usedfor the self-consistent fusion scheme
of shadingand shadow featuresproposedin this section.Detailed surveyscan
be found e. g. in [6,9{11]. In all our experiments, scattering e�ects, haze,and
an eventual bias of the CCD sensorare taken into account by subtracting
from each pixel value the averageintensity observed in the shadow areasof
the image[16].

2.2 Selection of a shape from shadingsolution based on shadowanalysis

In this paragraphwe will introducea self-consistent fusion schemethat com-
binesthe shape from shadingapproach basedon a singlelight sourcewith the
result of shadow analysis.Two imagesof the sceneare registeredat subpixel
accuracysuch that a pixel at position (u; v) corresponds to the samesurface
point on both images(cf. [23]). Oneof the images,the shadingimage, is essen-
tially shadow-free,while the other oneshows oneor several shadow areasand
is thereforetermed shadowimage. The shadow pixels are segmented either by
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binarization of the shadow image itself with a suitable threshold or by bina-
rization of the quotient image. The latter approach is insensitive to albedo
variations on the surfaceand will therefore be used throughout this paper.
According to Fig. 1b, the shadow is regardedas being composedof a num-
ber of S shadowlines. Shadow line s beginsat pixel position

�
u(s)

i ; v(s)
�

and

endsat position
�
u(s)

e ; v(s)
�

with u(s)
i � u(s)

e . The information about altitude
di�erences derived from the shadow is quite accuratewhile it is available only
for a small fraction of pixels. The altitude information derived from shape
from shading is dense,but it strongly depends on the re
ectance function,
which is not necessarilyexactly known, and may be a�ected by imperfections
of the CCD sensorusedfor image acquisition e. g. due to saturation e�ects,
by scattering or by direct (specular) re
ection of incoming light at the sur-
face. Furthermore, even if the slopes p(u; v) and q(u; v) are reasonablywell
known, small but correlated errors of p(u; v) and q(u; v) will cumulate and
�nally result in largeerrorsof z(u; v) over largescales.Therefore,shape-from-
shading-basedaltitude di�erences usually are signi�cantly more reliable on
small scalesthan on large scales.
The algorithm presented in this section copes with any re
ectance function
R(p;q) that is varying in a smooth and monotonousmannerwith cos� i . In our
scenarioof reconstruction of small regionsof the lunar surfaceunder roughly
perpendicular view and oblique illumination, cos� e in the Lunar-Lambert re-

ectance function (4) hardly deviates from its average value hcos� ei � 1,
and as cos� i � 1, changesin � i do not signi�cantly in
uence the value of
the denominator cos� e + cos� i , such that it can be be approximated by the
constant value hcos� ei + hcos� i i as long as the surfacegradients are small.
This results in an e�ective albedo� e� = �

�
2L (� )

hcos� e i + hcos� i i
+ 1 � L(� )

�
. This ap-

proximation is acceptablebecausethe examinedregionsare not near the limb
of the Moon's apparent disk, and the observed surfacegradients are always
smaller than about 10 degrees.In addition to that, if Eq. (4) is applied with-
out approximation, accurate knowledge of the parameter L(� ) is necessary.
This parameterhas to be determinedempirically; it strongly dependson the
type of terrain, may show variations even on small scalesand is thereforenot
necessarilywell known.
Furthermore, the averagealtitude deviation betweenthe surfacepro�le com-
puted with a Lunar-Lambert re
ectance function from the Lambertian solu-
tion is always well within the error range of shadow analysis in our example
scenes.For the exampleof Fig. 3a, the root meansquare(RMS) deviation is
smaller than 40 m for L(� ) in the range � 0:1; : : : ; 1. For the sake of simplic-
it y we will thereforeexemplify our reconstructionmethod usinga Lambertian
re
ectance function, keepingin mind that the proposedframework is suitable
for arbitrary re
ectance functions with physically reasonableproperties, in
order to illustrate how to incorporate a shadow-related error term into the
shape from shading formalism. The Lambertian re
ectance valueswill even-
tually be inaccurateby a few percent, but this error is smaller than the errors
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causedby nonlinearitiesand other imperfectionsof the CCD sensorused.The
shadow-related error term will anyway permit signi�cant deviationsof the re-
construction result from the merely re
ectance-basedsolution.
For re
ectance functions accurately modelling the photometric surfaceprop-
ertiesof celestialbodiesoneshouldrefer to the detaileddescriptionsin [20,21].
For the metallic surfacesof the examinedindustrial parts, we performedmea-
surements which indicate that for camera directions roughly perpendicular
to the surfaceand oblique illumination the assumptionof a Lambertian re-

ectance function is a good approximation.
For shallow slopes (p;q � 1) and oblique illumination many realistic re-

ectance functions canbe approximated over a wide rangein terms of a linear
expansionin p and q at a good accuracy. Sophisticatedshape from shading
algorithms have beendeveloped for this important classof re
ectance func-
tions in [11], which should all be applicable within the presented framework
for surfaceswith shallow slopes,perpendicularview, and oblique illumination.
With a Lambertian re
ectance function, the result of the iterativ e update rule
(13) depends on the initial valuesp0(u; v) and q0(u; v) of the surfacegradi-
ents and on the value chosenfor the surfacealbedo � . For a Lunar-Lambert
re
ectance function, the parameter L(� ) must be known. A di�erent initial-
ization usually yields a di�erent result of the algorithm, becausethough the
regularization constraint strongly reducesthe range of possiblesolutions, it
still allows for an in�nite number of them. Without lossof generality, we will
assumethat the sceneis illuminated exactly from the right or the left hand
side.
To obtain a solution for z(u; v) which both minimizesthe error term (10) and
is consistent with the averagealtitude di�erence derived from shadow analysis,
we introducean iterativ e algorithm:

(1) As in our applications we will deal with relatively smooth and 
at sur-
faces,we set the initial values p0(u; v) and q0(u; v) in (13) to random
numbers of the order O (10� 4). They are not set to zero in order to pre-
vent the iteration from getting stuck in local minima. The iteration index
m is set to m = 0. The surfacegradients are then computedaccordingto
Eq. (13). Subsequently the initial surfacepro�le zm (u; v) is reconstructed
by numerical integration of the obtained valuesof p(u; v) and q(u; v) ac-
cording to [6].

(2) The averagealtitude di�erence (� z)ave
shadow basedon shadow analysis is

given by

(� z)ave
shadow =

1
S

SX

s=1

�
ju(s)

e � u(s)
i j + 1

�
tan � shadow; (15)

The corresponding altitude di�erence (� z)ave
sfs given by shape from shad-

9



ing analysisis obtained by

(� z)ave
sfs =

1
S

SX

s=1

h
zm

�
u(s)

e ; v(s)
�

� zm

�
u(s)

i ; v(s)
�i

: (16)

At the pixelsmarking the ridgethat caststhe shadow, denotedby (u(s)
i ; v(s))

or (u(s)
e ; v(s) ) dependingon the direction of illumination, the surfacegradi-

ent in imageu direction is p = tan � shadow . Thesevaluesarekept constant
throughout the following steps.

(3) Assumingthat the sceneis illuminated exactly in imageu direction, i. e.
from the left or the right hand side, shape from shadinganalysiscannot
yield reliable information about the surfacegradient q(u; v) in imagev di-
rection. Especially for small illumination angles� , changingq(u; v) for a
certain surfaceelement doesnot signi�cantly changethe angle� i between
the corresponding surfacenormal ~n and the direction of illumination ~s,
which results in a small valueof @R=@q in Eq. (13) for Lambertian re
ec-
tion. Once the initial valuesof q(u; v) are small, they will remain small
during the iteration process(13). The angle � i is mainly governed by
the surfacegradient p(u; v) in image u direction. Hence,for all surface
elements the angle � 0

i = � =2 � � i betweenthe respective surfaceelement
(not its surfacenormal) and the illumination direction ~s is multiplied
with a constant factor ct such that (� z)ave

shadow = (� z)ave
sfs . For small val-

ues of q(u; v), the horizontal surfacegradient p(u; v) is replacedby the
new value ~p(u; v) accordingto

~p(u; v) = � cot
�

� +
�
2

� ct � 0
i

�

; � 0
i = � �

�
2

+ arctan
1

p(u; v)
: (17)

In Eq. (17) the plus sign is usedfor p(u; v) < 0 and the minus sign for
p(u; v) > 0. The surfaceis tilted \away from the light source" if ct < 1
and \to the light source" if ct > 1 as illustrated in Fig. 1c. The value of
ct necessaryto adjust the value of (� z)ave

sfs to that of (� z)ave
shadow is deter-

mined by meansof the bisection method. This procedurehas the strong
advantage that for small illumination angles� , small surfacegradients
p(u; v) and thus small angles� 0

i betweenthe surfaceand the illumination
direction ~s, changing p(u; v) to ~p(u; v) accordingto (17) hardly changes
the resulting relative pixel intensities.The corresponding Lambertian re-

ectance is givenby ~R = ~� sin(ct � 0

i ) � � sin� 0
i = R with ~� = �=c t , resulting

in a new value ~� for the surfacealbedobut almost unchangedrelative in-
tensities throughout the image.The new gradient ~p(u; v) along with the
new albedo ~� is still a near-optimum con�guration if � i � � =2, which re-
mainstrue evenwhenR(p;q) contains higher-orderterms in cos� i . Hence,
iterativ e update rule (13) is expectedto convergequickly.

(4) The iterativ e update rule (13) is initialized with p0(u; v) = ~p(u; v), and
the iteration procedureis started. After execution,the iteration index m
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is incremented (m := m + 1) and the surface pro�le zm (u; v) is com-
puted by numerical integration of p(u; v) and q(u; v). The algorithm
cycles through steps 2, 3, and 4 until the averagechange per cycle of
the surface pro�le falls below a user-de�ned threshold � z, i. e. until
D
(zm (u; v) � zm� 1(u; v))2

E1=2

u;v
< � z. In all experiments a value of � z =

0:01 pixels was used.

2.3 Accounting for the detailed shadowstructure in the shape from shading
formalism

In this subsection, the detailed shadow structure rather than the average
altitude di�erence derived from shadow analysis will be incorporated into
the shape from shading formalism. The altitude di�erence (� z)(s)

shadow along
shadow line s amounts to

(� z)(s)
shadow =

�
ju(s)

e � u(s)
i j + 1

�
tan � shadow : (18)

In the reconstructedpro�le, this altitude di�erence is desired to match the
altitude di�erence

(� z)(s)
sfs = z

�
u(s)

e ; v(s)
�

� z
�
u(s)

i ; v(s)
�

(19)

obtained by the shape from shadingalgorithm. Thereforeit is useful to add a
shadow-related error term to Eq. (10), leading to

e = es + �e i + � ez with ez =
SX

s=1

2

4 (� z)(s)
sfs � (� z)(s)

shadow

ju(s)
e � u(s)

i j + 1

3

5

2

: (20)

The sceneis supposedto be illuminated from either the right or the left hand
side.Altitude di�erence (� z)(s)

sfs can be derived from the surfacegradients by
meansof a discreteapproximation of the total di�erential dz = @z

@x dx + @z
@y dy.

Hence,asaltitude di�erences are evaluated along imagerows only, the second
term becomeszero,and we obtain

(� z)(s)
sfs =

u( s)
eX

u= u( s)
i

p(u; v(s)): (21)

The derivative of ez for pixel (u; v) with respect to the surfacegradients p and
q is then
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@ez

@p

�
�
�
�
�
u;v

=

8
><

>:

2
�

(� z) ( s)
sfs � ( � z)( s)

shado w

ju( s)
e � u( s)

i j+1

�

if u(s)
i � u � u(s)

e and v = v(s)

0 otherwise

@ez

@q

�
�
�
�
�
u;v

= 0: (22)

This leadsto an extendedupdate rule for surfacegradient p (cf. Eq. (13)):

pn+1 = �pn + � (I � R( �pn ; �qn ))
@R
@p

�
�
�
�
�
�pn ; �qn

� �
@ez

@p

�
�
�
�
�
u;v

: (23)

The update rule for q in Eq. (13) remains unchanged.The iteration is ini-
tialized with the result of the algorithm described in Section2.2. After each
iteration step the altitude pro�le z(u; v) needsto be reconstructedbasedon
the current valuesof pn (u; v) and qn (u; v) accordingto the numerical integra-
tion schemeoutlined in [6] in order to determinethe valuesof (� z) (s)

sfs for the
next iteration step.
A further condition is that if pixel (u; v) is outside the shadow, the angle
between surfacenormal and vector of incident light must be lessthan � =2,
and the values p(u; v) of the pixels outside the shadow have to be limited
accordingly during the iteration process.This meansthat p(u; v) and q(u; v)
must ful�ll the condition ~n � ~sshadow > 0, which for incident light from the
left or right hand side (zero component of ~sshadow in image v direction) be-
comesp(u; v) < tan � shadow if � shadow 2 [0; : : : ; � =2] and p(u; v) > tan � shadow

if � shadow 2 [� =2; : : : ; � ].
The additional error term can be incorporated into any error function applied
to a variational optimization scheme.A largevariety of variational approaches
is described in detail in [9{11].

2.4 Initialization of the shape from shadingalgorithm based on shadowanal-
ysis

In this section,the fusionconceptfor shadingandshadow featuresdescribedin
Section2.2is modi�ed in that two or moreshadowswill bebeusedto initialize
the shape from shadingalgorithm and computea reliable value for the surface
albedo � . The basic idea will be developed basedon the example of lunar
surfacereconstruction with a single light sourceusedfor shape from shading
analysis,but the proposedmethod can alsobe usedwith shape from shading
algorithms that rely on multiple light sources.Shape from shading analysis
is performed by making use of error function (20) described in Section 2.3,
which takes into account the �ne structure of the shadow along with the
shading information. The approach described in this section is applicable to
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arbitrary re
ectance functions R(p;q), but for the sake of simplicity we will
again usea Lambertian re
ectance law.
Fig. 5 shows the lunar crater Theaetetus at sunrise (illumination from the
right) at solar elevation angles� (1)

shadow = 12:2� and � (2)
shadow = 17:9� and at

sunset (illumination from the left) at a solar elevation angle of � = 165:0� .
The third imagewill be usedasthe shadingimageand the eastern(right) half
of the crater 
o or will be reconstructedas indicated by the rectangular boxes
in Fig. 5a. To achieve this, we will again follow an iterativ e approach:

(1) Initially , we will assumethat the altitudes of the ridgescasting the shad-
ows are constant, respectively, and identical. The iteration index m is set
to m = 0. Basedon the altitude di�erences with respect to the ridges,
the three-dimensionalpro�le ~zm (u; v) of the small surfacepatch between
the two shadow lines can be derived from the shadow lengths measured
accordingto Section2.2 (cf. Fig. 5b).

(2) The surfacepro�le ~zm (u; v) directly yields the slopesp0(u; v) and q0(u; v)
in horizontal and vertical direction, respectively, for all pixels belong-
ing to the surfacepatch betweenthe shadow lines. The known valuesof
p0(u; v) and q0(u; v) are used to compute the albedo � , and they serve
as initial values inside the surfacepatch between the two shadow lines
for the shape from shadingalgorithm. Thesevalueswill be kept constant
throughout the following stepsof the algorithm. Outside the region be-
tweenthe shadow lines, the initial valuesof p0(u; v) and q0(u; v) are set
to small random numbers of the order O (10� 4).

(3) Using the shape from shadingalgorithm with the initialization applied in
the previous step, the completesurfacepro�le zm (u; v) is reconstructed
basedon the shading image. In general, the resulting altitudes of the
ridgescastingthe shadowsarenot identical any more{ they areextracted
from the reconstructedsurfacepro�le zm (u; v). This yields a new pro�le
~zm+1 (u; v) for the surfacepatch betweenthe shadow lines.

(4) The iteration index m is incremented (m := m + 1). The algorithm
cycles through steps 2, 3, and 4 until it terminates once the criterion
D
(zm (u; v) � zm� 1(u; v))2

E1=2

u;v
< � z is ful�lled. Again, the threshold value

� z = 0:01 pixels is applied for termination of the iteration process.

This iterativ e algorithm mutually adjusts in a self-consistent manner the al-
titude pro�les of the 
o or and of the ridges that cast the shadows. It makes
it possibleto determine not only surfacegradients p(u; v) in the direction of
the incident light, as it can be achieved by shape from shading alone, but
to estimate surfacegradients q(u; v) in the perpendicular direction as well.
It is especially suited for surfacereconstruction under coplanar light sources.
Furthermore, the algorithm does not require any special form of the shape
from shadingalgorithm or the re
ectance function used,such that it can be
extendedin a straightforward mannerto morethan two shadows and to shape

13



from shadingalgorithms basedon multiple light sources.

2.5 Extension of the reconstruction algorithm to shape from shading with
multiple light sources

As already mentioned in the previous sections,only surfacegradients in the
direction of incident light can be derived by meansof shape from shading
methods that rely on a single light source.This problem can be overcomeby
using two or more light sources,provided that the azimuth anglesof the light
sourcesdi�er by a su�cien t amount. This approach is also known as photo-
metric stereo [6]. For a Lambertian re
ectance model and three light sources
with non-coplanarillumination vectors~sl , the surfacenormalsp(u; v), q(u; v),
and the albedo � (u; v) can be computed analytically without the needfor a
regularization constraint [6].
The conceptpresented in this section,however, holds for a much moregeneral
classof re
ectance functions. Furthermore, in most application scenariosit is
di�cult or even impossiblefor objects with metallic surfaces,especially those
consisting of cast iron, to �nd three su�cien tly distributed light sourcepo-
sitions that neither generatelarge shadow areasnor a signi�cant component
of direct (specular) re
ection. Explicitly trying to account for specular re
ec-
tion by using a corresponding re
ectance map R(p;q) is rather di�cult and
tends to producelarge systematicreconstructionerrors due to the sensitivity
of the large-scalebehaviour of z(u; v) with respect even to small inaccuracies
of R(p;q) and thus the gradients p(u; v) and q(u; v). We thereforeuseoblique
illumination by two light sourceswith approximately orthogonal illumination
directions (~s1 � ~s2 � 0) for shape from shading analysis in our experiments
concerningsurfacereconstruction of industrial parts, still with regularization
constraint (8), along with a third light sourcethat generatesa shadow. As in
the previoussections,the shadow analysismay be replacedby a priori knowl-
edgeabout the large-scalebehaviour of the surfacepro�le.
In the lunar surface reconstruction scenario,all possiblesolar illumination
directions are unfortunately coplanar for regionsnear the lunar equator. The
sameis true for the planet Mercury with a rotation axis inclined by lessthan 1
degreewith respect to its orbital plane,and for the major satellitesof Jupiter.
Though shape from shadingwith multiple light sourcescan be usedhere for
computing an albedomap of the surfacealongwith its three-dimensionalpro-
�le, it cannot be usedfor obtaining information about surfacegradients in all
directions. The situation is more convenient in the polar regionsof the Moon
and Mercury where the solar elevation angle is su�cien tly low for all solar
azimuth angles{ theseregionscan be observed, however, from spaceonly {,
and for planetary bodies like Mars with rotational axessigni�cantly inclined
with respect to the orbital plane.
For shape from shading with L light sources~sl and imagesI l , l = 1; : : : ; L ,
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the error term (8) can be generalizedto

ei =
LX

l=1

X

u;v
[I l (u; v) � R(~sl ; p(u; v); q(u; v))]2 ; (24)

while the regularization constraint (9) remainsunchanged.Within this frame-
work, arbitrary re
ectance functions can be used.The iterativ e update rule
(13) then becomes

pn+1 (u; v) = �pn (u; v) + �
LX

l=1

(I l (u; v) � Rl ( �pn ; �qn ))
@Rl

@p

�
�
�
�
�
�pn (u;v ); �qn (u;v )

qn+1 (u; v) = �qn (u; v) + �
LX

l=1

(I l (u; v) � Rl ( �pn ; �qn ))
@Rl

@q

�
�
�
�
�
�pn (u;v ); �qn (u;v )

(25)

with the abbreviationRl (p;q) = R(~sl ; p(u; v); q(u; v)). In this setting weobtain
reliable information about surfacegradient in all directionsalreadywith L = 2
light sources,but still a uniform albedo� hasto beassumed.In principle, once
the value of � is determined,the surfacegradients p(u; v) and q(u; v) could be
determined from the L � 2 intensities available for each pixel (u; v) without
smoothnessconstraint (9). Wekeepon assuminga smooth surface,however, as
this prevents the surfacefrom beingstrongly in
uenced by small-scalespecular
re
ections that may lead to unrealistic spikes in the reconstructedpro�les of
the cast iron surfacesregardedin Fig. 7.
The self-consistent schemedescribed in Section2.2 for selectinga solution of
the shape from shadingproblem which is consistent with the averagealtitude
di�erence givenby the shadow hasbeenextendedin a straightforward manner
to the shape from shadingalgorithm basedon L = 2 light sourcespresented in
this section,provided that the shadow imageis againproducedby illumination
from exactly the left or right hand side, and that the two light sourcesused
for the shape from shadingprocedureare positionedsuch that their elevation
angles� 1 and � 2 are similar, while the averagevector (~s1 + ~s2)=2 has only a
small component in imagev direction. Under thesecircumstances(cf. Figs. 6
and 7) the remaining ambiguity of the shape from shading solution is its
inclination in imageu direction, which permits an adjustment of the surface
to the observed shadow asdescribed in Section2.2.
For non-uniform albedodistributions we introducea secondapproach relying
on L = 2 light sourceswhich eliminatesthe albedo� (u; v) for the quite general
classof re
ectance functions with

R(� (u; v); p(u; v); q(u; v)) = � (u; v) ~R(p(u; v); q(u; v)) : (26)

This approach allows for a position-dependent albedomap � (u; v) but reveals
reliable information about surfacegradient only in one direction. The algo-
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rithm relieson the quotient of the imagesrather than the imagesthemselves
in order to eliminate the albedo� (u; v), modifying Eq. (6) to

I 1(u; v)
I 2(u; v)

=
~R1(p(u; v); q(u; v))
~R2(p(u; v); q(u; v))

: (27)

For merely one-dimensionalpro�les, such a quotient-based approach is de-
scribed in [22]. A suitable error term analogousto (8) is given by

~ei =
X

u;v

"
I 1(u; v) ~R2(p;q)

I 2(u; v) ~R1(p;q)
� 1

#2

; (28)

while the regularization constraint (9) remainsunchanged.This leadsto the
iterativ e update rule

pn+1 = �pn + �

 
I 1

~R2( �pn ; �qn )

I 2
~R1( �pn ; �qn )

� 1

!
I 1

I 2

@
@p

~R2(p;q)
~R1(p;q)

�
�
�
�
�
�pn ; �qn

qn+1 = �qn + �

 
I 1

~R2( �pn ; �qn )

I 2
~R1( �pn ; �qn )

� 1

!
I 1

I 2

@
@q

~R2(p;q)
~R1(p;q)

�
�
�
�
�
�pn ; �qn

(29)

For more than two light sourcesand images(L > 2), the error term (28) can
be extendedto a sum over all L(L � 1)=2 possiblepairs of images.This will
reveal surfacegradients in all directions if the light sourcesare appropriately
distributed.
The two shape from shadingapproachesdescribed in this sectioncan be com-
binedasfollows:First, the surfacepro�le is reconstructedby meansof iterativ e
update rule (25) initialized with small surfacegradients of the order O (10� 4),
which revealsvaluesfor both p(u; v) and q(u; v) and a uniform albedo� . As a
secondstep, iterativ e update rule (29) is initialized with the result of the �rst
step and then started. This secondstep will change the surfacepro�le only
at the locations of albedo variations. Assuming a re
ectance function of the
form (26), the albedomap � (u; v) is obtained accordingto

� (u; v) =
1
L

LX

l=1

I l (u; v)
~Rl (p;q)

; (30)

and, asa third step, is insertedinto update rule (25) initialized with the result
of the secondstep. The exampleshown in Fig. 6 wasobtained in this manner.
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2.6 Combination of di�er ent regularization constraints

In Section2.1 we mentioned a shape from shadingapproach described in [11]
which involvesthe departure from integrability error (14) rather than the as-
sumption of a smooth surfaceaccordingto (9). We found out that for a single
light source,regularization constraint (14) yields much more plausible values
for the surfacegradients q(u; v) perpendicularto the direction of incident light.
It is straightforward to additionally take into account shadow information, if
available, by the corresponding error term (20).
As alreadypointed out, changingq(u; v) at small illumination angles� hardly
changesthe angle � i between surfacenormal ~n and direction ~s of incident
light, if p(u; v) is su�cien tly small. With (9) as a regularization constraint,
q(u; v) will remain near its initial value, which is set to a small random num-
ber in our experiments. In contrast, integrability constraint (14) adjustsq(u; v)
nearly without a�ecting the intensity error (8), (24), or (28), resulting in an
integrable surfacegradient vector �eld. The corresponding iterativ e scheme,
however, only works well when the initial valuesgiven for p(u; v), q(u; v), and
z(u; v) are already closeto the �nal solution (cf. [11]). In our experiments,
we therefore initialize the shape from shadingschemeinvolving integrability
constraint (14) with the result of the reconstruction algorithm that assumes
a smooth surface(9).
This combined approach is alsowell suited for two or morelight sources,which
are necessaryto cope with surfacesthat show a non-uniform albedodistribu-
tion. As a �rst step, the surfacepro�le is reconstructedbasedon quotient-
basedintensity error (28), shadow error (20), and smoothnessconstraint (9).
This surfacepro�le alongwith the albedomap obtained by Eq. (30) is usedin
a secondstep as an initialization to the previously described algorithm that
involvesintegrability constraint (14) instead of smoothnessconstraint (9).

3 Exp erimen tal results

To demonstrate the accuracy of the surface reconstruction techniques pre-
sented in the previous section, they are applied to synthetic data for which
the ground truth is known. A Lambertian re
ectance function is assumed.In
all examplesof Fig. 2 we made use of the smooth surfaceconstraint (9). In
Fig. 2a-c,the true surfacepro�le alongwith the synthetically generatedimages
used for reconstruction is shown to the left, the reconstructedpro�le in the
middle, and the deviation z � ztrue betweenreconstructedand true altitude to
the right, respectively. The directions of illumination for the shading images
are indicated by arrows. In Fig. 2a the method described in Section2.3 based
on oneshadingand one shadow imagewas examined.Consequently, the sur-
facegradients in imagev direction areslightly under-estimated.In Fig. 2b, two
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shading imagesand one shadow image are employed, and a uniform surface
albedo is used. This yields a very accurate reconstruction result. The same
illumination setting is assumedin Fig. 2c, but the albedo is strongly non-
uniform as shown in the �gure. Here, the algorithm described in Section2.5
basedon the quotient of the imagesis employed, yielding a lessaccuratebut
still reasonablereconstructionresult. The computedalbedomap is shown next
to the reconstructedsurfacepro�le. Fig. 2d illustrates the performanceof the
algorithm proposedin Section2.4 on a synthetically generatedobject (left).
In contrast to traditional shape from shading,the surfacegradients perpendic-
ular to the direction of incident light are revealed(middle). The single-image
error term (8) wasthen replacedby the quotient-basederror term (28) for a re-
construction of the samesynthetic object but now with a non-uniform albedo
(right). Consequently, two shading imagesare used in combination with the
shadow information. As a result, a similar surfacepro�le is obtained along
with the surfacealbedo. Refer to Table 1 for a detailed comparisonbetween
ground truth and reconstruction results.
As a �rst real-world application scenario,we regard the three-dimensionalre-
construction of regions of the lunar surface.Due to the fact that the time
intervals between the imagesmay amount to several weeks,the relative po-
sition of camera and object cannot be kept constant during acquisition of
all necessaryimagesof the scene,such that an image registration procedure
[23] becomesinevitable. It is quite di�cult, however, to obtain the required
imagesfrom imagearchivesof spaceprobe missions,astheseoften do not con-
tain several imagesof a surfaceregionunder su�cien tly di�erent illumination
conditions.1 For this reasonand in order to illustrate that the surfacerecon-
struction techniquesproposedin this paper neither require an extraordinary
image quality nor an accurately calibrated sensor,we acquired all examined
lunar imagesusingground-basedtelescopesof 125mm and 200mm aperture,
equipped with a CCD camera.Image resolution is 0:44 arcsecondsper pixel,
which corresponds to 820 m for the averagedistance of 384400km between
Moon and Earth. Selenographicpositions were obtained from [24].
In each example,the obtained surfacepro�le is checked for consistencywith
the image data by meansof a raytracing software [25]. The appearanceof

1 Fly-by spacecraft encounter a planetary body for a time interval which is too
short to obtain such images.Even the Mariner 10 spacecraftthat passedthe planet
Mercury three times encountered it each time at identical illumination conditions.
Many orbiting spacecraftmap a planetary body such that illumination conditions
are largely constant for the acquired images in order to simplify their geological
interpretation. This is the casee. g. for the Lunar Orbiter and the Mars Global
Surveyor Orbiter spacecraft,but not for the Viking Mars orbiters. Reconstruction
methods basedon photometric stereo(cf. Section 2.5), however, are not that much
suitable for planets with an atmospheresuch as Mars becausedue to atmospheric
haze, frost or duststorms, the surface albedo may not be identical for all images
when they are acquired over a longer period of time.
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the surfacepro�le under solar elevation angles� (shading image) and � shadow

(shadow image)is simulated assuminga Lambertian surface.For all examples,
both simulated imagesare satisfactorily similar to the corresponding real im-
ages.A good cross-check is provided by the simulated shadow imagedueto the
fact that the simulated shape of the shadow is highly sensitive with respect
to even very small deviations of the surfacepro�le from the correct shape.
Additionally , we have shown (seebeginning of Section 2.2) that the quality
of reconstructionis hardly a�ected by inaccurateknowledgeof the re
ectance
function.
Fig. 3a shows the three-dimensionalsurfacereconstructionof the outer west-
ern rim of the lunar crater Copernicus,obtained by employing the technique
outlined in Sections2.2and 2.3 that consistsof selectinga shape from shading
solution consistent with shadow analysisin a �rst stepand taking into account
the detailed shadow structure in a secondstep. The shadingimagealonedoes
not reveal the large-scaleeastward slope of the pro�le, which can only be de-
rived from the shadow image.E�ectiv ely, the shadow enablesus to adjust the
albedo � such that the shape from shadingalgorithm yields a surfacepro�le
consistent both with the small-scalealtitude variations evident in the shading
imageand the large-scaleslope derived from the shadow image.
Fig. 3b showsthe inner easternrim of the lunar crater Copernicus.The surface
pro�le reveals terracesand small craters in the crater wall; the performance
of the reconstruction algorithm is slightly decreasedby small shadows in the
shadingimagecast by the central peaks.The correspondenceof the simulated
shadow shape with its real counterpart is reasonable.
In Fig. 3c, the outer easternrim of the lunar crater Wolf is shown along with
the altitude di�erences at the corresponding inner rim obtained by shadow
analysisalone.A comparisonrevealsthat the crater 
o or is lying on the same
level as the surrounding mare surface.The simulated shadow shows all fea-
tures displayed by the real shadow image.
Fig. 4a shows the volcanic feature (lunar dome)Kies � . The e�ective altitude
of its peak amounts to 160m, and the central crater pit on top is only about
30 m deep. Fig. 4b displays the reconstruction result obtained by applying
integrability constraint (14), using the surfacepro�le in Fig. 4a for initializa-
tion. The reconstructedpro�le better resemblesthe shape of a volcanicdome.
Fig. 4c shows a mare ridge situated south-west of the crater Aristarchus. For
this shallow feature, the initial adaptation of the surfacepro�le accordingto
Section2.2 was skipped and the surfacewas reconstructedby directly apply-
ing the algorithm described in Section2.3 that takesinto account the detailed
shadow structure, making use of integrability constraint (14). The surface
pro�le revealsa step-like structure of this mare ridge, elevated by 250m and
180m above the terrain to its west and east, respectively.
In the lunar surfaceexamplesof Figs. 3 and 4, the residual error

q
ez=S (cf.

Eq. (20)), that denotesthe extent to which the reconstructed surfacepro-
�le matchesthe altitude di�erences obtained by shadow analysis,rangesfrom
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16 m in Fig. 4b to 140m in Fig. 3b.
Fig. 4d shows the reconstructionof the lateral surfaceof a sharpenerconsist-
ing of aluminium, which displays a regular chequeredstructure and a small
surfacedefect,basedon oneshadow and oneshadingimage.The depth of the
surfacedefect (marked by an oval) of approximately 0:5 mm corresponds to
within 0:1 mm with the value derived by tactile measurement.
It is possibleto employ the proposedreconstruction technique even when no
shadow imageis available, by setting the value of (� z)ave

shadow basedon a priori
knowledgeabout the large-scalebehaviour of the surfacepro�le. Such large-
scalealtitude information may alsobeobtainedfrom space-basedradar or laser
altimetry measurements. The surfacepro�le of a step-like structure between
Mare Serenitatis and Mare Imbrium 2 shown in Fig. 4e has beenderived by
setting (� z)ave

shadow = 0:2 pixels � 160m, corresponding to the averageheight
of the step.
Fig. 5 shows the reconstructed surface pro�le of the 
o or of lunar crater
Theaetetus. It was generatedby the technique described in Section2.4 that
relieson an initialization of the shape from shadingalgorithm by surfacegra-
dients obtained by the analysis of several shadows observed under di�erent
illumination conditions. Both the simulated shadingimageand the shapesof
the simulated shadows correspond well with their real counterparts. Even the
ridge crossingthe crater 
o or, which is visible in the upper left corner of the
region of interest in Fig. 5a and in the Lunar Orbiter photograph shown in
Fig. 5c for comparison,is apparent in the reconstructedsurfacepro�le (ar-
row). Hence,the reconstruction technique reliably indicates even small-scale
structures on the surfacethat cover only a few pixels. Furthermore, it turns
out that the crater 
o or is inclined from the the north to the south, and a very
shallow central elevation (rising to about 250m above 
o or level) becomesap-
parent in the reconstructedsurfacepro�le. 3 This central elevation doesnot
appear in the imagesin Fig. 5a usedfor reconstruction, but is clearly visible
in the ground-basedimageof Theaetetusacquiredat a solarelevation angleof
� = 28:7� shown in Fig. 5e(lower arrow). The corresponding simulated image
(lower part of Fig. 5e) is very similar to the real imagealthough that image
hasnot beenusedfor reconstruction.This kind of comparisonis suggestedin
[11] as an independent test of reconstruction quality. For comparison,tradi-
tional shape from shadingas outlined in Section2.1 yields an essentially 
at
crater 
o or and no ridge (Fig. 5f). This shows that the traditional approach
is obviously not able to extract reliable information about surfacegradients
in imagev direction under the given illumination conditions.
Fig. 6 shows the reconstructedsurfaceof a steelsheetwith a shallow deforma-
tion alongwith the corresponding albedomap � (u; v). The surfacepro�le was

2 According to [26], this formation is the end of an ancient lava 
o w.
3 Such features,which are debris mounds in the crater interior, are important for a
geologicalinterpretation of the scene,asthey essentially mark the di�erence between
simple bowl shaped craters and incipient complex craters such as Theaetetus [27].
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obtainedby extendingthe fusion schemefor shadingand shadow featuresout-
lined in Section2.2to several light sourcesaspointed out in Section2.5.As the
averageinclination of the reconstructedpart of the surfacewith respect to the
ground plane amounts to several degrees,a plane zref (u; v) = au + bv+ c was
�tted to the reconstructedpro�le. In Fig. 6c, the di�erence z(u; v) � zref (u; v)
is shown. In the albedomap variations appear that correspond to merely two-
dimensional dark and bright spots and lines. We thus achieved to separate
intensity changesin the image which are due to shading e�ects from those
due to variations of the surfacealbedo. In this examplethe reconstructionby
shape from shading step consistsof subsequently applying iterativ e update
rules (25) and (29) as described in Section2.5.
Fig. 7a shows the reconstruction of a cast iron surfacewith a very shallow
ridge, Fig. 7b the reconstruction of embosseddigits on a cast iron part. In
both examples,the derived embossment depth of about 0:1 mm and 0:4 mm,
respectively, correspondswell with the valuesindependently obtained by tac-
tile measurement. Both pro�les are obtained with iterativ e update rule (25)
basedon L = 2 light sourcesand the a priori knowledgethat the left and the
right border of the imagehave an identical averagez level, respectively.
Fig. 8 displays the reconstruction result for a section of the lunar surface
south-west of the crater Aristarchus with its bright ray system.This surface
part displays a strongly non-uniform albedo. In this example,surfacerecon-
struction is performedbasedon two imagestaken at di�erent solar elevation
angles� 1 = 5:0� and � 2 = 15:5� but practically identical solar azimuth an-
gles,using error term (28). The averagepixel intensity hI 1i of the �rst image
is scaledsuch that hI 1i =hI 2i = sin� 1=sin� 2, which meansthat on the av-
erage,the surfacesection is assumedto be 
at. A large-scalesurfaceslope
of angle � in the direction of incident light might be imposed by setting
hI 1i =hI 2i = sin(� 1 + � )=sin(� 2 � � ) { with an absolutely calibrated CCD
sensorone might think of deriving such a large-scaleslope directly from the
surfacereconstruction procedure.The reconstructedsurfacepro�le contains
several shallow ridges with altitudes of roughly 50 m along with the lunar
dome Herodotus ! , whosealtitude amounts to 160 m. The albedo map ob-
tained accordingto Eq. (30) displays a gradient in surfacebrightnessfrom the
lower right to the upper left corner along with several ray structures running
radially with respect to the crater Aristarchus.
Fig. 9 shows the northern part of the lunar tectonic fault RupesRecta. The
imagesshown in Fig. 9a were acquired at solar elevation angles� 1 = 13:7�

and � 2 = 175:6� , which meansthat the sceneis illuminated from opposite
directions. The scenewas reconstructedby �rst applying the quotient-based
intensity error (28) with smoothnessand shadow constraints (9) and (20),
then using the resulting surfacepro�le and albedomap obtained by Eq. (30)
asan initialization to the shape from shadingschemethat involvesintegrabil-
it y constraint (14) (cf. Section2.6 for further details). A third image(Fig. 9b)
providesthe requiredshadow information. The altitude of RupesRectaranges
from 200 m to 350 m, which is well consistent with the shadow length in
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Fig. 9b. The albedo map shows bright spots in the lower part and especially
in the upper right part of the image.The linear structures in the albedomap
along Rupes Recta are artifacts; presumably, � (u; v) is not very accurateat
placeswhere the surfacestrongly bends and the residual intensity error ~ei

accordingto (28) is comparably large due to the regularization constraints.

4 Summary and conclusion

In this paper a generalframework for three-dimensionalsurfacereconstruction
by self-consistent combination of shading and shadow features is described.
First, a short overview about surfacereconstruction by shape from shading
techniquesis given, and an approach relying on a singlelight sourcebasedon
global optimization of an error function that consistsof an intensity term and
a regularization constraint is described in more detail. Basedon this shape
from shadingapproach, a self-consistent fusion schemeof shadingand shadow
featuresbasedon at least two pixel-synchronous imagesof the samesurface
part at di�erent illumination conditions is introduced.For a small number of
surfacepoints, the shadow analysisyields very accuratealtitude di�erences,
while densebut lessaccuratealtitude information can be obtained with the
shape from shadingapproach, which, however, permits an in�nite number of
solutions even with the imposedregularization constraint. As a �rst step, a
solution which is consistent with the averagealtitude di�erence determined
by shadow analysisis selectedby meansof the presented iterativ e scheme.As
a secondstep, the error function to be minimized by the iterativ e schemeis
extendedby an error term that takes into account the detailed structure of
the shadow.
Basedon synthetic data, we have shown that a high accuracycanbe achieved
with the proposedreconstruction techniques(cf. Table 1). For the lunar sur-
faceexamples,groundtruth data of su�cien tly high resolutionis not available,
but we have proved a good correspondencebetweenobserved and simulated
shadow and shadingstructures. For the scenarioof surfacereconstruction of
industrial parts, the depth of the reconstructedsurfacestructures was com-
pared to valuesdeterminedby tactile measurement. Again, good accordance
was found with our reconstruction results.
Applied to the scenarioof both lunar surfacereconstruction and reconstruc-
tion of metallic surfacesof industrial parts, we have shown that this algorithm
yieldsresultsthat arewell consistent with the observedstructure of the shadow
not only with respect to averagealtitude di�erences but also concerningthe
small-scalestructure of the shadow. Traditional shape from shadingmethods
have the drawback that though they reliably reveal the small-scalestructure of
the surface,it is di�cult to obtain faithful valuesfor its large-scaleproperties.
The presented schemefor fusionof shadingand shadow featuresalleviatesthis
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drawback by adapting the large-scaleproperties of the surfaceto the result
of shadow analysis.In addition to that, it reducesthe dependenceof the re-
construction result on the employed re
ectance model, becausethe largescale
behaviour of the surfaceis mainly governedby the result of shadow analysis.
If no shadow is observed, the shadow analysisstep can be replacedby intro-
ducing a priori knowledgeabout the large-scalebehaviour of the scene,e. g.
obtained by active methods such as radar or laseraltimetry in the lunar and
planetary surfacereconstruction scenarioor by triangulation or tactile mea-
surements in the industrial inspection scenario.
A further approach to combineshadingandshadow featuresis presented which
is especially suitable for surfacereconstruction under coplanar light sources.
It is basedon the initialization of the surfacepro�le by analysisof at least two
shadowsobservedat di�erent illumination angles.In this setting, shadow anal-
ysis allows for deriving the surfacegradients in both imageu and v direction
along with the surfacealbedo for a small surfacepatch between the shadow
lines. By meansof an iterativ e scheme, the surfacepro�le is reconstructed
by the shape from shadingalgorithm initialized with the previously obtained
result of shadow analysis. For the lunar surface reconstruction scenariowe
have shown that this approach is able to reveal slopesand structures running
perpendicular to the direction of incident light, which are hardly visible in the
shadingimage.
The self-consistent fusion schemefor shadingand shadow featuresis then ex-
tendedto two light sources.An optimization function basedon a still uniform
albedo but providing reliable information on surface gradients in all direc-
tions is described, which allows for arbitrary re
ectance functions and can be
extended to any number of light sourcesin a straightforward manner. The
obtained surfacepro�le is adapted to the result of shadow analysisusing the
sameself-consistent iteration schemeasdescribed for a singlelight source.For
the caseof a non-uniform albedo,a further optimization function is presented
which relieson at least two light sourcesand the quotients of the images,thus
eliminating the non-uniform albedo.Combining the two approachesbasedon
two light sourcesenablesus to extract surfacegradients in all directions along
with a non-uniform albedo map. Thesetechniqueshave beenapplied to the
reconstruction of the surfaceof a steel sheetwith a shallow deformation and
of a shallow ridge and embosseddigits on a cast iron part. The measured
altitude di�erences correspond well to the valuesindependently obtained by
tactile measurement. Furthermore, the quotient-based approach was applied
to sectionsof the lunar surfacewith strongly non-uniform albedo,separating
variations of imageintensity due to shadingfrom thosedue to surfacealbedo.
It hasbeenshown that the proposedframework for three-dimensionalsurface
reconstruction yields robust and accurate results without the needfor high-
quality image data and a sophisticatedcalibration procedureand that it is
useful for a wide rangeof real-world application scenarios.
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example � 1 � 2 � (1)
shadow � (2)

shadow z RMS error [pixels] � RMS error [percent]

(a) 4� 2:5� 0:043 2:0

(b) 6� 8� 2:5� 0:008 0:23

(c) 6� 8� 2:5� 0:052 5:3

(d) 5� 4� 5� 0:135 1:3

0:174 1:1
Table 1
Comparison of reconstruction results to ground truth data for the examplesgiven
in Fig. 2.
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Fig. 1. (a) Illumination vector, cameravector, surfacenormal and the corresponding
angles in the shape from shading scenario. (b) De�nition of a shadow line. Left:
Imageusedfor shapefrom shadinganalysis.Middle: Imageusedfor shadow analysis.
Right: Binarized quotient image (shadow shown in white), the arrow indicating
shadow line s ranging from u(s)

i to u(s)
e . (c) Illustration of the adjustment factor ct

de�ned in Eq. (17).

27



(a)

(b)

(c)

(d)

u [pixels] u [pixels] u [pixels]

u [pixels]

u [pixels]

u [pixels]

u [pixels]

u [pixels]

u [pixels]

v [pixels]

z
[p

ix
el

s]
 *

 1
0

tr
ue

z
[p

ix
el

s]
 *

 1
0

tr
ue z 
[p

ix
el

s]
 *

 1
0

z 
[p

ix
el

s]
 *

 1
0

z 
[p

ix
el

s]
 *

 1
0

(z
 -

 z
) 

[p
ix

el
s]

 *
 1

00
tr

ue

(z
 -

 z
) 

[p
ix

el
s]

 *
 1

00
0

tr
ue

(z
 -

 z
) 

[p
ix

el
s]

 *
 1

00
tr

ue

v [pixels] v [pixels]

v [pixels]

v [pixels] v [pixels]

v [pixels]
v [pixels]

reconstructed
albedo

true
albedotrue surface

true albedo

reconstructed
albedo

u [pixels] u [pixels]v [pixels]

z 
[p

ix
el

s]
 *

 1
0

Fig. 2. Reconstruction results for synthetic data. (a) Surface reconstruction by a
combined analysis of one shading and one shadow image according to Section 2.2,
with uniform surfacealbedo. (b) Surfacereconstruction by photometric stereo(two
shading images) and one shadow image according to Section 2.5, with uniform
surface albedo. (c) Same as (b), but with non-uniform surface albedo (cf. Sec-
tion 2.5). (d) Surface reconstruction by shadow-based initialization of the surface
pro�le according to Section 2.4, with uniform (middle) and non-uniform (right)
surfacealbedo. For detailed comments, seeSection 3 and Table 1.
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Fig. 3. Surface reconstruction by combined shading and shadow analysis. In each
part of the �gure, the original shading and shadow imagesare shown on the left,
respectively, along with the obtained three-dimensionalsurfacepro�le and the cor-
responding simulated imagesobtained by raytracing, given the sameillumination
conditions as used for shading and shadow analysis. (a) Outer western rim of lu-
nar crater Copernicus. (b) Inner eastern rim of lunar crater Copernicus. (c) Outer
easternrim of lunar crater Wolf. SeeSection 3 for detailed comments.
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Fig. 4. (a) Lunar dome Kies � , reconstructed by employing smoothnessconstraint
(9). (b) Reconstruction result for Kies � using the shape from shading algorithm
mentioned at the end of Section2.1, making useof the integrabilit y constraint (14).
The synthetic view was generated by a raytracing software [25], with the z axis
20 times exaggerated.(c) Mare ridge south-west of crater Aristarchus. (d) Lateral
surfaceof a sharpener.A surfacedefect of 0:5 mm depth is marked by a white oval.
(e) End of an ancient lunar lava 
o w at the borderline betweenMare Imbrium and
Mare Serenitatis.
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solar elevation 28.7°
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Fig. 5. Reconstruction of the eastern half of lunar crater Theaetetus basedon the
initialization of the shape from shading algorithm by shadow analysis according to
Section 2.4. (a) The two upper imagesare evaluated with respect to shadow, the
third one with respect to shading. The reconstructed surfacepart is marked by a
white rectangle, respectively, the corresponding simulated imagesare shown to the
right. (b) Surface patch between the two shadow lines (hachured) along with the
initial surfacepro�le derived from shadow analysis. (c) Lunar Orbiter photograph
IV-110-H2, shown for comparison. (d) Reconstructedsurfacepro�le. Although the
marked rigde is hardly visible in the three ground-basedimages used for surface
reconstruction, it clearly appears in the reconstructed surface pro�le due to its
e�ect on the shadows. (e) Further ground based image of Theaetetus shown for
comparison, not used for reconstruction, along with the simulated image derived
from the reconstruction result. The ridge crossingthe crater and the shallow central
elevation are marked by arrows. (f ) Reconstruction result obtained with traditional
shape from shading, selecting the solution consistent with the �rst shadow image.
None of the previously mentioned details on the crater 
o or is visible.
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Fig. 6. Surfacereconstruction of a steel sheetwith a deformation. (a) Two shading
imagesand oneshadow imagewith their simulated counterparts. Illumination direc-
tion is as indicated by the arrows. (b) Alb edomap computed accordingto Eq. (30).
(c) Reconstructedsurfacepro�le, shown with respect to the �tted referenceplane.
The depth of the deformation amounts to approx. 0:36 mm.
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Fig. 7. (a) Reconstruction of a cast iron surface.The two shading imagesare shown
with their simulated counterparts. Illumination direction is as indicated by the
arrows. In the reconstructed surface pro�le, a very shallow ridge elevated by ap-
proximately 0:1 mm is visible. (b) Reconstruction of embosseddigits on a cast iron
part. The two shading images are shown with their simulated counterparts. Illu-
mination direction is as indicated by the arrows. Due to the high resolution of the
reconstructed pro�le, the mesh is omitted in the plot of the reconstructed surface
pro�le in order to increaseimage clarity. Embossment depth is 0:4 mm.
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Fig. 8. Reconstruction of the region around lunar dome Herodotus ! basedon two
images acquired at di�eren t illumination conditions (� 1 = 5:0� , � 2 = 15:5� ) and
quotient-based intensity error term (28). (a) Sceneat lower (left image) and higher
(right image)solarelevation. Contrast hasbeenenhanced.(b) Quotient imageI 1=I2.
Due to the distance of the surface region from the centre of the Moon's apparent
disk, the imagehasto becorrespondingly scaled.(c) Alb edomap obtained according
to Eq. (30). (d) Reconstructedsurfacepro�le, shown as shadedrelief to accentuate
subtle surfacestructures. The altitude of lunar dome Herodotus ! is 160 m. Along
with the actual surface features, the bending of the surface due to the Moon's
spherical shape is visible in image u direction.
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Fig. 9. Reconstruction of the northern part of the tectonic fault Rupes Recta
based on two images acquired at di�eren t illumination conditions (� 1 = 13:7� ,
� 2 = 175:6� ) by �rst applying the quotient-based intensity error term (28) with
smoothnessand shadow constraints (9) and (20), then using the resulting surface
pro�le and albedo map as an initialization to the shape from shading schemethat
involvesintegrabilit y constraint (14) (cf. Section2.6). (a) Sceneilluminated from the
east (left image) and from the west (right image). (b) Shadow image. (c) Quotient
image. (d) Alb edo map obtained according to Eq. (30). (e) Reconstructed surface
pro�le, shown as shadedrelief to accentuate subtle surfacestructures. The average
altitude of the scarp is 350 m. Along with the actual surfacefeatures, the bending
of the surfacedue to the Moon's spherical shape is visible in image u direction.
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